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A numerical procedure is presented for the analysis of the elastic ﬁeld due to an edge dislocation in a mul-
tilayered composite. The multilayered composite consists of n perfectly bonded layers having different
material properties and thickness, and two half-planes adhere to the top and bottom layers. The stiffness
matrices for each layer and the half-planes are ﬁrst derived in the Fourier transform domain, then a set of
global stiffness equations is assembled to solve for the transformed components of the elastic ﬁeld. Since
the singular part of the elastic ﬁeld corresponding to the dislocation in the full-plane has been extracted
from the transformed components, regular numerical integration is needed only to evaluate the inverse
Fourier transform. Numerical results for the elastic ﬁeld due to an edge dislocation in a bimaterial med-
ium are shown in fairly good agreement with analytical solutions. The elastic ﬁeld and the Peach–Kohler
image force are also presented for an edge dislocation in a single layered half-plane, a two-layered half-
plane and a multilayered composite made of alternating layers of two different materials.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The determination of elastic ﬁeld due to an edge dislocation in a
multilayer is important to study the effects of dislocations on the
mechanical properties of multilayered materials and thin ﬁlms.
The misﬁt dislocations in epitaxial thin ﬁlms at interfaces could
provide stress relaxation mechanisms as the epitaxial ﬁlms reach
a critical thickness (Hirth and Feng, 1990; Freund, 1993). In metal-
lic multilayered composites, the interaction between dislocations
and interfaces can signiﬁcantly increase the yield strength and
hardness (Venkatraman and Bravman, 1992; Misra et al., 1998).
The strengthening mechanisms are primary due to the dislocation
pile-up at the interfaces for the metallic multilayer having the
layer thickness at large length scales while the Orowan bowing
and dislocation interactions for the layer thickness reduced to
the nanometer range (Nix, 1998; Misra and Kung, 2001; Akashen
et al., 2007; Wang and Misra, 2011). To study the effects of dislo-
cations on the strengthening mechanisms of multilayered compos-
ites, it is essential to quantify the interactions between dislocations
and interfaces.
Head (1953, 1960) ﬁrst studied the screw dislocations interact-
ing with a surface layer perfectly bonded to a half-plane. For the
layer stiffer than the substrate, there exists a long-range attraction
and a short-range repulsion on a dislocation in the substrate. The
equilibrium position of the screw dislocations and the applied
stress necessary to overcome the repulsion are also calculatednumerically for different ratios of shear moduli. Weeks et al.
(1968) considered an edge dislocation with a Burgers vector nor-
mal to the layer-substrate interface and presented an exact analy-
sis for the elastic ﬁeld and the Peach–Kohler force due to an edge
dislocation in the substrate near the surface layer. The elastic ﬁeld
was obtained by the superposition of the solution of an edge dislo-
cation in the joined half-plane and that of the reversed traction
prescribed on the free surface of the layered half-plane. Lee and
Dundurs (1973) extended analysis to the problems of an edge dis-
location in the surface layer that adheres to a substrate. Kelly et al.
(1995) used the same technique to calculate the stress ﬁeld in-
duced by an edge dislocation of arbitrary orientation in both the
surface layer and substrate. For and edge dislocation in an inﬁnite
trimaterial medium, Choi and Earmme (2002a,b) used the complex
potentials and the alternating technique to derive series solutions
for the stress ﬁeld induced by the dislocation for both isotropic and
anisotropic materials. In recent years, the discrete dislocation
dynamics have been applied to investigate the effects of individual
dislocation on the deformation behavior of materials at small
length scale (Van der Giessen and Needleman, 1995; Akashen
et al., 2007). The elastic ﬁeld due to the collected dislocations is ob-
tained by the superposition of the ﬁeld associated with individual
dislocations in an inﬁnite medium and the image ﬁeld that corrects
for the actual boundary conditions. The image ﬁeld is commonly
solved by the ﬁnite element method to satisfy the conditions on
the boundaries, and the problem is generally limited to a single
ﬁlm on a rigid substrate.
While analytical solutions are mostly for the dislocation in
either a bimaterial or a ﬁlm-substrate medium, there are only
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with the layers having dissimilar properties and thickness. Oveco-
glu et al. (1987) extended the Head’s solution (1960) to the image
analysis of a screw dislocation in thin ﬁlms on substrate for up to
the case of four interfaces. Kamat et al. (1987) conducted similar
study on the screw dislocations in a multilayer structure made of
alternating layers of two phases up to ﬁve layers. Wang et al.
(2007) presented the image decomposition method to calculate
the elastic ﬁeld induced by a mixed dislocation in anisotropic mul-
tilayer medium. The problem is decomposed into homogeneous
sub-problems with the distributed image dislocations introduced
at the interfaces to satisfy the interface and free surface conditions
which lead to a set of non-singular Fredholm integral equations of
the second kind.
In this paper, a numerical approach based on the Fourier trans-
form is presented to derive the displacement and stress ﬁelds in-
duced by an edge dislocation in a multilayered composite which
is made of perfectly bonded layers having different material prop-
erties and thickness. The stiffness matrices for each layer and the
semi-inﬁnite planes are ﬁrst derived in the Fourier transform do-
main, then a global stiffness matrix for the multilayered composite
is assembled to solve for the transformed components of the elastic
ﬁeld. As the singular part of the elastic ﬁeld is extracted from the
transformed components, regular numerical integration is needed
only to evaluate the inverse Fourier transform. The elastic ﬁeld and
the Peach–Kohler image force are presented for an edge dislocation
in a single layered half-plane, a two-layered half-plane and a mul-
tilayered composite made of alternating layers of two different
materials.2. Mathematical formulation
Consider the two-dimensional problem of an edge dislocation in
a multilayered composite as shown in Fig. 1 where the layered
medium consists of n dissimilar layers which are perfectly bonded
to each other and adheres to half-planes at the upper and lowerFig. 1. An edge dislocation with a Burgers vector ~b on the slip plane making an
angle of / with the x-axis in a multilayered composite.surfaces. The shear modulus and Poisson’s ratio for the layers are
denoted by ðli; tiÞ; i ¼ 1;2; . . . ;n, and those for the upper and low-
er half-planes are denoted by ðlu; tuÞ and ðll; tlÞ, respectively. The
edge dislocation with a burgers vector~b ¼ bx~iþ by~j and the disloca-
tion line in the x3-direction is located at the point ðxd; ydÞ in the jth
layer and its slip plane makes an angle of / ¼ tan1ðby=bxÞwith the
x-axis. The equilibrium and continuity conditions for the perfectly
bonded interfaces are described as:
uijðx; yjÞ ¼ uiþ1j ðx; yiÞ i ¼ 1;2; . . . ;nþ 1 ð1Þ
ri2jðx; yiÞ ¼ riþ12j ðx; yiÞ i ¼ 1;2; . . . ;nþ 1 ð2Þ
Here the subscript ‘j’, j = 1, 2, stands for x and y, respectively.
For isotropic materials, the displacement components for each
layer, e.g., the ith layer, yi 6 y 6 yiþ1, can be expressed in terms
of Papkovich–Neuber potentials as:
uix ¼ y
@ui
@x
 @w
i
@x
ð3Þ
uiy ¼ jiui  y
@ui
@y
 @w
i
@y
ð4Þ
where ji ¼ 3 4ti for the plane strain case and the potential func-
tions ui and wi satisfy the Laplace equation: r2ui ¼ r2wi ¼ 0. The
general solution of the potential functions can be expressed by
the Fourier integrals as (see Appendix A):
uiðx; yÞ ¼ 1
2p
Z 1
1
½AiEiðyÞ þ BiEiþ1ðyÞ e
ixg
g
dg ð5Þ
wiðx; yÞ ¼ 1
2p
Z 1
1
½CiEiðyÞ þ DiEiþ1ðyÞ e
ixg
g2
dg ð6Þ
where EiðyÞ ¼ ejgðyyiÞj, Eiþ1ðyÞ ¼ ejgðyyiþ1Þj and Ai, Bi, Ci, and Di are
functions of g. By substituting Eqs. (5) and (6) into Eqs. (3) and
(4) and using the Hooke’s law, the displacement and stress compo-
nents can be written as:
uix ¼
1
2p
Z 1
1
yAi 
Ci
g
 
EiðyÞ þ yBi 
Di
g
 
Eiþ1ðyÞ
 
ieixgdg ð7Þ
uiy ¼
1
2p
Z 1
1
ðji þ yjgjÞAi þ jgjg Ci
 
EiðyÞ

þ ðji  yjgjÞBi  jgjg Di
 
Eiþ1ðyÞ

eixg
g
dg ð8Þ
rixx ¼
li
p
Z 1
1
 ð3 jiÞjgj
2g
Ai þ ygAi þ Ci
 
EiðyÞ

þ ð3 jiÞjgj
2g
Bi þ ygBi þ Di
 
Eiþ1ðyÞ

eixgdg ð9Þ
riyy ¼
li
p
Z 1
1
 ðji þ 1Þjgj
2g
Ai  ygAi  Ci
 
EiðyÞ

þ ðji þ 1Þjgj
g
Bi  ygBi  Di
 
Eiþ1ðyÞ

eixgdg ð10Þ
rixy ¼
li
p
Z 1
1
ðji  1Þ
2
Ai þ yjgjAi þ jgjg Ci
 
EiðyÞ

þ ðji  1Þ
2
Bi  yjgjBi  jgjg Di
 
Eiþ1ðyÞ

ieixgdg ð11Þ
In Eqs. (7)–(11), the elastic ﬁeld in each layer requires the solution
of the functions: Ai, Bi, Ci, and Di, which are determined from the
continuity and equilibrium conditions at the interfaces. To evaluate
the unknown functions in the Fourier transformed domain, the
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form domain are ﬁrst formulated. By imposing the interfacial
conditions, the global stiffness matrix for the multilayer is assem-
bled to derive the constitutive equations relating the interfacial
stress and strain vectors. The strain vectors are solved and used to
determine the coefﬁcient functions in each layer. so that the elastic
ﬁeld can be obtained by the inverse Fourier transform. Detailed for-
mulation for the layer and global stiffness matrices are described as
follows.
3. Stiffness matrix in the Fourier transform domain
3.1. Stiffness matrix for interlayer
To derive the stiffness matrix in the Fourier transform domain,
the strain and stress vectors are introduced ﬁrst. For the layer i,
yi 6 y 6 yiþ1, the strain vector is deﬁned as the transformed com-
ponents of the derivative of displacements with x at the upper
and lower boundaries of the layer and expressed as:
fUi;xðgÞg ¼
Uy;xðyi;gÞ
Ux;xðyi;gÞ
Uy;xðyiþ1;gÞ
Ux;xðyiþ1;gÞ
8>><
>>:
9>>=
>>;
ð12Þ
Similarly, the stress vector is deﬁned as the transformed compo-
nents of the stresses at the upper and lower boundaries of the layer
and expressed as:
fSiðgÞg ¼
Syyðyi;gÞ
Sxyðyi;gÞ
Syyðyiþ1;gÞ
Sxyðyiþ1;gÞ
8>><
>>:
9>>=
>>;
ð13Þ
Here, the notation ðÞ;x represents the partial derivative of the dis-
placements with respect to x. From Eqs. (7)–(11), the strain and
stress vectors can be written as:
fUi;xg ¼
½f ifTig þ fUF;xg yd 2 ðyi; yiþ1Þ
½f ifTig yd R ðyi; yiþ1Þ
(
ð14Þ
fSig ¼ ½g
ifTig þ fSFg yd 2 ðyi; yiþ1Þ
½gifTig yd R ðyi; yiþ1Þ
(
ð15Þ
f i
 	¼
jiþyijgj sgnðgÞ ðjiyijgjÞejgjhi sgnðgÞejgjhi
yig 1 yigejgjhi ejgjhi
ðjiþyiþ1jgjÞejgjhi sgnðgÞejgjhi jiyiþ1jgj sgnðgÞ
yiþ1gejgjhi ejgjhi yiþ1g 1
2
6664
3
7775
ð16Þ
gi
 	¼2li
jiþ12 sgnðgÞyig 1 jiþ12 sgnðgÞyig

 
ejgjhi ejgjhi
ji1
2 þyi jgj sgnðgÞ ji12 yi jgj

 
ejgjhi sgnðgÞejgjhi
jiþ1
2 sgnðgÞþyiþ1g

 
ejgjhi ejgjhi  jiþ12 sgnðgÞyiþ1g

 
1
 ji12 þyiþ1 jgj

 
ejgjhi sgnðgÞejgjhi  ji12 yiþ1 jgj

 
sgnðgÞ
2
666666664
3
777777775
ð17Þ
Ti
n o
¼
Ai
Ci
Bi
Di
8>><
>>:
9>>=
>>;
ð18Þ
where hi ¼ yiþ1  yi is the thickness of the ith layer. UF;x
n o
and SF
n o
are the strain and stress vectors due to the edge dislocation in the
full-plane in the ith layer:fUF;xg ¼
1
2ð1þ jiÞ
½ð1 jiÞsgnðgÞ  2DyigEiðydÞ
½ð1þ jiÞ þ 2DyijgjEiðydÞ
½ð1 jiÞsgnðgÞ þ 2Dyiþ1gEiþ1ðydÞ
½ð1þ jiÞ þ 2Dyiþ1jgjEiþ1ðydÞ
8>><
>>:
9>>=
>>;
bx
8>><
>>:
þi
½ð1þ jiÞ þ 2DyijgjEiðydÞ
½ð1 jiÞsgnðgÞ  2DyigEiðydÞ
½ð1þ jiÞ þ 2Dyiþ1jgjEiþ1ðydÞ
½ð1 jiÞsgnðgÞ þ 2Dyiþ1gEiþ1ðydÞ
8>><
>>:
9>>=
>>;
by
9>>=
>>;
ð19Þ
fSFg ¼ 2lið1þ jiÞ
DyigEiðydÞ
ðsgnðgÞ þ DyijgjÞEiðydÞ
Dyiþ1jgjEiþ1ðydÞ
ðsgnðgÞ  Dyiþ1gÞEiþ1ðydÞ
8>><
>>:
9>>=
>>;
bx
8>><
>>:
þi
ðsgnðgÞ þ DyigÞEiðydÞ
DyjjgjEjðydÞ
ðsgnðgÞ þ Dyiþ1gÞEiþ1ðydÞ
Dyiþ1jgjEiþ1ðydÞ
8>><
>>:
9>>=
>>;
by
9>>=
>>;
ð20Þ
where Dyi ¼ yi  yd, Dyiþ1 ¼ yiþ1  yd. If the layer contains edge dis-
locations, the vectors: UF;x
n o
and fSFg are extracted from the strain
and stress vectors such that the terms: ½f i Ti
n o
and ½gi Ti
n o
in Eqs.
(14) and (15) represents the image effects. By eliminating the vector
Ti
n o
in Eqs. (14) and (15), the stiffness equation for the ith layer can
be obtained:
½ki Ui;x
n o
¼
fSig þ ½ki UF;x
n o
 fSFg yd 2 ðyi; yiþ1Þ
Si
n o
yd R ðyi; yiþ1Þ
8><
>: ð21Þ
where ½ki ¼ ½gi½f i1 is the layer stiffness matrix which relates the
transformed components of the stress and the strain vectors evalu-
ated at the boundaries of the layer.
3.2. Stiffness matrix for the upper and the lower half-planes
By setting yi ! 1 and yiþ1 ! y1, which gives Eiþ1ðyÞ ! 0 in
Eqs. (7)–(11), the strain and stress vectors for the upper half-plane
can be obtained as:
fUu;xg ¼
ju  y1jgj sgnðgÞ
y1g 1
 
fTug þ UF;x
n o
yd < y1
ju  y1jgj sgnðgÞ
y1g 1
 
fTug yd > y1
8>><
>>:
ð22Þ
fSug¼2lu
y1gðjuþ1ÞsgnðgÞ=2 1
y1jgjðju1Þ=2 sgnðgÞ
 
fTugþfSFg yd < y1
y1gðjuþ1ÞsgnðgÞ=2 1
y1jgjðju1Þ=2 sgnðgÞ
 
fTug yd > y1
8>><
>>>:
ð23Þ
The stiffness matrix for the upper half-plane can be obtained by
eliminating the unknown coefﬁcients:
ku
 	
Uu;x
n o
¼ S
u þ ku 	 UF;xn o SFn o yd < y1
Su
 
yd > y1
8<
: ð24Þ
Similarly, the strain and stress vectors for the lower half-plane can
be obtained by letting yi ¼ ynþ1 and yiþ1 !1 as:
fUl;xg ¼
jl þ ynþ1jgj sgnðgÞ
ynþ1g 1
 
fTlg þ UF;x
n o
yd > ynþ1
jl þ ynþ1jgj sgnðgÞ
ynþ1g 1
 
fTlg yd < ynþ1
8>><
>>:
ð25Þ
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n o
¼2ll
ðjlþ1ÞsgnðgÞ=2ynþ1g 1
ðjl1Þ=2þynþ1jgj sgnðgÞ
 
fTlgþfSFg yd > ynþ1
ðjlþ1ÞsgnðgÞ=2ynþ1g 1
ðjl1Þ=2þynþ1jgj sgnðgÞ
 
fTlg yd < ynþ1
8>><
>>:
ð26Þ
The stiffness matrix for the lower half-plane can be obtained by
eliminating the unknown coefﬁcients:
kl
h i
fUl;xg ¼
Sl
n o
þ kl
h i
UF;x
n o
 fSFg yd > ynþ1
Sl
n o
yd < ynþ1
8><
>: ð27Þ
It is noted that the present method is applied to an edge dislo-
cation in a multi-layered medium with the layers being perfectly
bonded at the interfaces. For the dislocation at the interfaces, how-
ever, the Fourier transformed components of the full-plane solu-
tions in Eqs. (19) and (20) should be replaced by those of a
dislocation at the interface of a bimaterial medium. Moreover, spe-
cial treatment is also needed to meet the displacement discontinu-
ity at the interface where the dislocation is located.
3.3. Global stiffness matrix
The global stiffness matrix for the layered medium is obtained
by imposing the boundary conditions at the interfaces and assem-
bling the layer stiffness matrices. For two consecutive layers, e.g.
the ith and the (i + 1)th layers, the continuity and equilibrium con-
ditions in the Fourier transform domain at the common interface
y ¼ yiþ1 can be expressed as:
Uiy;xðyiþ1;gÞ
Uix;xðyiþ1;gÞ
( )
¼ U
iþ1
y;x ðyiþ1;gÞ
Uiþ1x;x ðyiþ1;gÞ
( )
ð28Þ
Siyyðyiþ1;gÞ
Sixyðyiþ1;gÞ
( )
¼ S
iþ1
yy ðyiþ1;gÞ
Siþ1xy ðyiþ1;gÞ
( )
ð29Þ
Thus, the transpose of the strain and the stress vectors for the two
consecutive layers can be assembled as
fUy;xðyi;gÞ; Ux;xðyi;gÞ; Uy;xðyiþ1;gÞ; Ux;xðyiþ1;gÞ; Uy;xðyiþ2;gÞ;
Ux;xðyiþ2;gÞgT ð30Þ
fSyyðyi;gÞ; Sxyðyi;gÞ; 0; ;0; Syyðyiþ2;gÞ; Sxyðyiþ2;gÞgT ð31Þ
By repeatedly adding and placing the elements of the layer stiff-
ness matrix in the appropriate locations, the global stiffness matrix
for the multilayered medium is assembled as:
½K ¼ ½ku þ ½kl þ
Xn
i¼1
ki
h i
ð32Þ
Similarly, the global stress vector can be assembled from the stress
vectors of layers and the semi-inﬁnite planes, and a set of stiffness
equation for the layered medium is derived as:
½KfU;xg ¼ fSg ð33Þ
Due to the equilibrium conditions at the interface, the elements in
the global stress vector fSg of Eq. (33) are zeros except those at the
interfaces of the layer where the dislocation is located.
4. Elastic ﬁeld via the inverse Fourier transform
The stiffness equation in Eq. (33) relates the transformed com-
ponents of the strain and stress vectors at the interfaces. There are
total 2(n + 1) equations for an n-layered composite to solve for
2(n + 1) unknowns in the global strain vector. To evaluate theelastic ﬁeld in the ith layer, the strain vector at the interfaces are
solved for each transformed parameter g ﬁrst. Then, the functions
Ti
n o
are obtained from Eq. (14) for the layers and Eqs. (22) and
(25) for the upper and lower half-planes respectively. The interior
displacement and stress ﬁelds can be calculated by substituting the
functions fTig into Eqs. (7)–(11) and performing the inverse Fou-
rier transforms. Since the singular part corresponding to the dislo-
cation in the full-plane is extracted from the strain and stress
vectors, the functions fTig include only the image effects induced
by the dissimilar layers and the regular numerical integration
can be used to perform the inverse Fourier transform.
The image force is the primary physical quantities of interest in
studying effects of a bimaterial interface on the dislocation. Analyt-
ical expressions for the image force acting on the dislocation are
derived through the Peach–Koehler formula (Hirth and Lothe,
1982), which is
Fx þ iFy ¼ rxybx þ ryyby
h i
 i rxxbx þ rxyby
h i
ð34Þ
where Fx and Fy are the image forces in the x and y directions,
respectively, and rxx, ryy, rxy are the image part of the stress com-
ponents evaluated at dislocation, i.e. the stress components without
singular terms.
5. Results and discussion
In this section, numerical results are presented for the elastic
ﬁeld and image forces due to an edge dislocation in layered media
including a bimaterial medium, a single-layered half-plane, a two-
layered half-plane and a multilayer made of alternating layers of
two different materials. The Poisson’s ratio for all the materials is
set to be ti ¼ 0:25 in all the examples.
5.1. Bimaterial medium
Numerical solutions are ﬁrst compared with analytical solu-
tions for the displacement components due to an edge dislocation
in a bimaterial medium which is made of two semi-inﬁnite planes
with perfectly bonded interface. The bimaterial medium can be
treated as a single layer perfectly bonded by the upper and lower
half-planes with the layer having either a very large thickness or
the same material as one of the half-plane. The edge dislocation
of the Burgers vector b is located in the lower half-plane (material
1) at ðxd; ydÞ ¼ ð0; b=2Þ on the slip plane of / ¼ 45. Figs. 2a and 2b
show the distribution of the displacement components ux and uy
along the line y ¼ b for different ratios of shear modulus
C ¼ l2=l1 and the branch cut is made on the / ¼ 45 from the x-
axis. The ratio of shear modulus C ¼ 0 corresponds to the cases
of the edge dislocation in the half-plane with free surface while
C ¼ 100 is close to the limiting case of the dislocation in the
half-plane bonded by a rigid interface. The displacement compo-
nents have jump discontinuities of magnitude b=
ﬃﬃﬃ
2
p
in both x
and y-directions at x = b/2 that is the intersection of the slip plane
with the line y = b. Analytical solutions derived by Dundurs (1969)
and Hills et al. (1996) are plotted in dashed lines in Figs. 2a and 2b
to verify the accuracy of numerical solutions. The present results
for both displacement and stress components are nearly identical
with the analytical solutions that the dashed lines are hardly
visible.
5.2. Single-layered half-plane
Consider next an edge dislocation in a single-layered half-plane
where an elastic layer with shear modulus is perfectly bonded to a
half-plane. The single-layered half-plane can be treated as a three-
Fig. 2a. Comparison of displacement ux along the line y = b between the presented
solution (solid line) and analytical solution (dashed line), xd ¼ 0; yd ¼ b=2.
Fig. 2b. Comparison of displacement uy along the line y = b between the presented
solution (solid line) and analytical solution (dashed line), xd ¼ 0; yd ¼ b=2.
Fig. 3a. Distribution of stress rxx as a function of x/h along y = 0.3h for different C
ðxd ¼ 0; yd ¼ b=2; h ¼ 10bÞ.
Fig. 3b. Distribution of stress ryy as a function of x/h along y = 0.3h for different C
ðxd ¼ 0; yd ¼ b=2; h ¼ 10bÞ.
Fig. 3c. Distribution of stress rxy as a function of x/h along y = 0.3h for different C
ðxd ¼ 0; yd ¼ b=2; h ¼ 10bÞ.
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plane is set to zero. The edge dislocation with the Burgers vector
b is located in the layer at xd ¼ 0; yd ¼ 0:5h on the slip plane with
angle / ¼ 45. The ratio of shear modulus of the surface layer to
that of the half-plane is denoted by C ¼ l1=l2 and the thickness
of the layer is set to be h ¼ 10b. Figs. 3a–3c show the distribution
of the stress components along the line y = 0.3h for different C. The
stress components are normalized by pð1þ j1Þ=l1. Fig 3a shows
that the normal stress rxx is tensile in the layer close to the free
surface for all values of C and its magnitude decreases with
increasing C. The difference in the normal stress reﬂects the mis-
match of elastic properties between layer and half-plane. The
stress induced by the dislocation in the softer layer is larger than
that in the stiffer layer. Since the stresses ryy and rxy are continu-
ous across the interface, the difference in the stresses between
different C appears to be small as shown in Figs. 3b and 3c.
Figs. 4a–4c show the distributions of the stress components along
the line y = 0.8h. The normal stresses rxx shown in Fig. 4a are
mostly compressive near the dislocation and the magnitude of
the normal stress increases with increasing C. Fig. 4b shows the
normal stresses ryy are compressive on the side of inserting plane
of the edge dislocation and tensile on the other side of the slip
plane. The magnitude of the normal stress is smaller in the stiffer
layer than that in the softer layer. The distributions of the shearstress are shown in Fig. 4c where the difference in the magnitude
of stresses appears to be limited. Fig. 5(a)–(c) are the contours of
constant stress ﬁeld due to an edge dislocation at yd ¼ h=2 on the
slip plane of / ¼ 45 for C ¼ 2. The normal stress rxx in Fig 5(a)
is discontinuous at the layer-substrate interface while the stresses
Fig. 4a. Distribution of stress rxx as a function of x/h along y = 0.8h for different C
ðxd ¼ 0; yd ¼ b=2; h ¼ 10bÞ.
Fig. 4b. Distribution of stress ryy as a function of x/h along y = 0.8h for different C
ðxd ¼ 0; yd ¼ b=2; h ¼ 10bÞ.
Fig. 4c. Distribution of stress rxy as a function of x/h along y = 0.8h for different C
ðxd ¼ 0; yd ¼ b=2; h ¼ 10bÞ.
Fig. 5. Contours of stress ﬁeld due to an edge dislocation in a single-layered half-
plane (a) rxx, (b) ryy, (c) rxy (C ¼ 2; yd ¼ h=2; h ¼ 10b).
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Fig. 5(b) and (c). The stress rxx is mostly tensile in the layer near
the free surface and becomes compressive on the other side of
the slip plane in the layer and the substrate half-plane. A local
maximum of the normal stress rxx is found in the region close tothe free surface. Fig. 5(b) shows there are two lobes on either side
of the slip plane for the stress ryy with one in tension and the other
in compression. Fig. 5(c) is the stress contour of constant shear
stress where there exist six lobes for the shear stress with the zero
stress on the boundaries dividing the lobes.
The Peach–Kohler image force on the dislocation is one of crit-
ical quantities to study the behavior of dislocation in the layered
medium. Fig. 6a shows the variation of the glide force with dislo-
cation position in the surface layer. For the dislocation in the layer
stiffer than the substrate half-plane, C > 1, the dislocation may be
attracted either to the free surface or toward the layer-substrate
interface. There exists an equilibrium position at which zero glide
force acting on the dislocation. The glide force tends to move the
dislocation to the free surface if the layer is softer than the sub-
strate, C < 1. For an edge dislocation in the substrate half-plane,
the variation of the image force with the dislocation position is
shown in Fig. 6b. It is shown that the dislocation is subjected to
negative image force and attracted to the interface if the layer is
softer than the substrate, C < 1. The dislocation may be repelled
by the stiffer layer if it is close to the interface. As the dislocation
is away from the interface, the layer effect subsides and the dislo-
cation may be pushed toward the interface by the substrate.
Numerical results are also compared with the solutions presented
by Weeks et al. (1968) and Lee and Dundurs (1973) in dashed lines
in Figs. 6a and 6b where the solutions are nearly identical that the
difference is hardly visible. As the dislocation approaches the inter-
face, the exponential effect associated with the interface in Eqs.
(19) and (20) diminishes and the dislocation behaves more like
interfacial dislocation. The transformed components of the full-
plane needs to be changed to those of dislocation at the interface
Fig. 6a. The glide force as a function of dislocation position in the surface layer.
Fig. 6b. The glide force as a function of dislocation position in the substrate.
Fig. 7a. Variation of climb force with the layer thickness for an edge dislocation in a single-layered half-plane with different C (yd = b/2).
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interface. Variation of the climb force with layer thickness is shown
in Fig. 7a for the dislocation located at xd ¼ 0, yd ¼ 0:5b on the slipplane / ¼ 0. The climb force tends to move dislocation toward the
free surface for all values of C, and the force increases with
decreasing C. As the layer thickness increases, the effect of layer-
Fig. 7b. Variation of glide force with the layer thickness for an edge dislocation in a single-layered half-plane with different C (yd = b/2).
Fig. 8. Contours of stress ﬁeld due to an edge dislocation in a two-layered half-
plane: (a) rxx, (b) ryy, (c) rxy (C ¼ l1=l2 ¼ 2; C1 ¼ l2=l3 ¼ 2; yd ¼ 1:5h; h ¼ 10bÞ.
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dislocation in the homogeneous half-plane made of layer material,
C ¼ 1. The glide and the climb forces on the dislocation in the
homogeneous half-plane are Fy ¼  lb
2
pð1þjÞyd so that the normalized
forces pð1þjÞlb Fy ¼ 2 for yd ¼ 0:5b. Similar results can be seen for
the glide force in Fig. 7b which shows variation of the glide force
with layer thickness for yd ¼ 0:5b and / ¼ 90. As the thicknessof surface layer increases to h ¼ 3b, the interfacial effect on the dis-
location at yd ¼ 0:5b diminishes and the glide force converges to
the force on the dislocation in the homogeneous half-plane. This
implies that the layer-substrate effect becomes negligible as the
thickness of the layer is six times greater than the distance of the
dislocation from the surface, i.e. hP 6yd.
5.3. Two-layered half-plane
Fig. 8(a)–(c) shows the distribution of constant stress ﬁeld due
to an edge dislocation in a two-layered half-plane for
l1 ¼ 2l2 ¼ 4l3. The two-layered half-plane is treated as a four-
material medium in Fig. 1 with zero shear modulus in the upper
half-plane. The dislocation is located at xd ¼ 0; yd ¼ 1:5h on the
slip plane / ¼ 45 and the thickness for both layers is set to be
h ¼ 10b. The normal stress rxx is discontinuous at the interfaces
while the stresses ryy and rxy are continuous across the interfaces.
The distribution of stress rxx is roughly divided by the slip plane
where the stress is mostly compressive in the region toward the
substrate and tensile in the area close to the free surface. The dis-
tribution of shear stress is reduced to four major lobes centered at
the dislocation. The variations of the glide force with dislocation
position for different values of C ¼ l1=l2 are shown in Figs. 9a
and 9b for l2=l3 ¼ 2 and l2=l3 ¼ 0:5, respectively. For the dislo-
cation located in the top layer, 0 < yd < h, the variations of the
glide forces for both and l2=l3 ¼ 0:5 are nearly the same and that
indicates the inﬂuence l2=l3 ¼ 2 of the substrate on the disloca-
tion in the top layer is insigniﬁcant. The glide force is continuous
across the interface between two layers if both layers have the
same material properties, C ¼ 1. For the surface layer softer than
the interlayer, C < 1, the dislocation is attracted to the free surface
by the negative glide force. The dislocation may be attracted by
either the free surface or the interface between two layers depend-
ing on its position if the surface layer is stiffer than the interlayer,
C > 1. It is also shown that the effect of the free surface on the dis-
location and the image force becomes very limited for the surface
layer having very low shear modulus, e.g. C ¼ 0:01. For the surface
layer with high shear modulus, e.g. C ¼ 100, the interface effect be-
comes very strong and the dislocation may be subjected to large
attractive force either by the free surface or by the interface be-
tween two layers. An equilibrium position of zero glide force can
be found at yd ¼ 0:5h. For the dislocation situated in the interlayer,
h < yd < 2h, the dislocation has an equilibrium position in the
interlayer where the dislocation may be subjected to attractive
force from both sides of the interlayer for C < 1 and l2=l3 ¼ 2 or
Fig. 9a. The glide force as a function of dislocation position in a two-layered half-plane with different C ¼ l1=l2 (l2=l3 ¼ 2).
Fig. 9b. The glide force as a function of dislocation position in a two-layered half-plane with different C ¼ l1=l2 (l2=l3 ¼ 1=2).
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the half-plane, the dislocation is repelled by the layer-substrate
interface with l2=l3 ¼ 2 and attracted to the interface with
l2=l3 ¼ 0:5.
5.4. Multi-layered medium
The stress ﬁeld and the image force due to a dislocation in a
multi-layered medium are studied next. The free standing multi-
layer is made of n alternating layers of two materials, A and B,
and can be treated as an (n + 2) materials with zero shear modulus
in both upper and lower half-planes so that the outmost bound-
aries become free surfaces. The shear moduli are denoted as lA
and lB for material A and B, respectively, and the ratio of shear
modulus is deﬁned as C ¼ lA=lB. The Poisson’s ratios for materials
A and B are set to be tA ¼ tB ¼ 0:25 and the multilayer has uniform
layer thickness h ¼ 10b. Fig. 10(a)–(c) shows the variation of the
stress components rxx; ryy and rxy along the line x ¼ 2b due to
an edge dislocation in the multilayer with C ¼ 2. The dislocation
with a Burgers vector b in the y-direction is located at xd ¼ 0 and
yd ¼ 0 in the layer of material A. For comparison purposes, the
stress components due to the dislocation in a homogeneous med-
ium are also plotted in dashed line. Fig. 10(a) shows that the stress
rxx decreases rapidly from its peak value near the dislocation to
small compressive stress toward the interface and adjacent layers,and the stress rxx is discontinuous across the interfaces which are
indicated in dashed lines. Moreover, the effect of dissimilar layers
on the stress rxx appears to be limited as there exits slight differ-
ence between the multilayer and the homogeneous medium.
Fig. 10(b) and (c) shows that the stresses ryy and rxy are continu-
ous across the interface and become zero at the free surfaces. The
results show that the inﬂuence of dissimilar layers on the stresses
ryy and rxy become more evident where the magnitude of both
stresses in the multilayer is smaller than that of the stresses in
the homogenous medium. The variation of the stress components
rxx, ryy and rxy along the line x ¼ 2b due to the edge dislocation
in the multilayer with C ¼ 1=2 are shown in Fig. 11(a)–(c). It is
shown that the stress rxx decreases sharply away from the disloca-
tion and is tensile near the interface with adjacent stiffer layer.
There also exists only small difference in rxx between multilayer
and homogeneous media. The stresses ryy and rxy, however, can
be effectively reduced by the adjacent layers as the stresses in
the multilayer are smaller than those in the homogeneous
medium.
Fig. 12(a)–(c) are the stress contours for the stress components
rxx, ryy and rxy, respectively, due to an edge dislocation in a free
standing multilayer n = 7 and C ¼ 2. The dislocation with a Burger
vector b is located at xd ¼ 0; yd ¼ 0 and its slip plane makes an
angle of / ¼ 45. It can be seen that the magnitude of stress rxx
drops quickly away from the dislocation core and the stress is
Fig. 10. Variation of the stress components along the line x ¼ 2b due to an edge
dislocation with a Burgers vector b in the multilayer with C ¼ 2 (a) rxx, (b) ryy, (c)
rxy ðtA ¼ tB ¼ 0:25, h ¼ 10b, xd ¼ 0; yd ¼ 0Þ.
Fig. 11. Variation of the stress components along the line x ¼ 2b due to an edge
dislocation with a Burgers vector b in the multilayer with C ¼ 1=2 (a) rxx, (b) ryy, (c)
rxy ðtA ¼ tB ¼ 0:25, h ¼ 10b, xd ¼ 0; yd ¼ 0Þ.
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stresses ryy and rxy are continuous across the interfaces and be-
come zero at the outmost free surfaces. Figs. 13a and 13b show
the distribution of the shear stresses at the interfaces y > 0 and
y < 0, respectively, due to an edge dislocation with a Burgers vector
b in the y-direction in the multilayer with n = 7 and C ¼ 2. The
interfacial shear stresses are symmetric with the y-axis for y > 0
and become anti-symmetric at the interfaces with y < 0. The inter-
facial shear stresses decrease with increasing distance from dislo-
cation. Figs. 14a and 14b show the variation of glide force with
position of the dislocation in a free-standing multilayer. It is shownthat the dislocation in the central layer is subjected to the attrac-
tive force by the adjacent layers for C ¼ 2 and repulsive force by
the neighboring layers for C ¼ 1=2 and there exists an equilibrium
position at yd ¼ 0 due to symmetry of the layer structure. The re-
sults also show that the dislocation may be repelled by the stiffer
layer and attracted by the softer layer. For the dislocation in the
outmost layers, the dislocation may also be attracted to the free
surfaces. The glide forces become inﬁnite as the dislocation ap-
proaches the interfaces.
Fig. 15 shows the glide force as a function of dislocation position
in a multilayered composite with different number of layers. The
Fig. 12. Contours of stress ﬁeld due to an edge dislocation in the multilayer with
C ¼ 2: (a) rxx, (b) ryy, (c) rxy ðtA ¼ tB ¼ 0:25, h ¼ 10b, xd ¼ 0; yd ¼ 0Þ.
Fig. 13a. The interfacial shear stresses in the multilayer with n = 7, C ¼ 2 and y > 0
(h = 10b, xd ¼ 0; yd ¼ 0).
Fig. 13b. The interfacial shear stresses in the multilayer with n = 7, C ¼ 2 and y < 0
(h = 10b, xd ¼ 0; yd ¼ 0).
Fig. 14a. Variation of position of dislocation in the free-standing multilayer with
different number of layer and C ¼ 2 (h = 10b, xd = 0).
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A and B, and bonded by the upper and lower half-planes. The ratio
of shear modulus is lA=lB ¼ 1=2 and the Poisson’s ratios are
tA ¼ tB ¼ 0:25. The dislocation is located in the layer of phase Aand the layers all have identical thickness, h ¼ 10b. The results
show that the dislocation in the bimaterial system is subjected to
the greatest repulsive force by the stiffer interface. There are two
different conﬁgurations for the composite structures with even
Fig. 14b. Variation of position of dislocation in the free-standing multilayer with
different number of layer and C ¼ 1=2 (h = 10b, xd = 0).
Fig. 15. The glide force as a function of dislocation position in a multilayered
composite made of alternating layers of two different materials.
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for a two-layered composite, [B/A/B/A⁄/B/A] (dashed line) and [A/B/
A⁄/B/A/B] (solid line) for a four-layer composite, where the super-
script ‘‘⁄’’ refers to the layer the dislocation is located. For the com-
posite having odd number of layers, the glide force is zero if the
dislocation is located at yd=h ¼ 0:5 due to the symmetry of the lay-
ered structures. The dislocation is mainly affected by the adjacent
layers as the variation of glide forces with the position of disloca-
tion converges to a steady relation for nP 3.
6. Conclusions
A numerical approach based on the Fourier transform is pre-
sented for the analysis of the displacement and stress ﬁelds in-
duced by an edge dislocation in a multilayered composite. The
approach is applicable to the problem of the dislocation in the iso-
tropic multi-layered composite which is composed of any number
of perfectly-bonded layers having different material properties and
thickness. As the singular part of the elastic ﬁeld is extracted from
the interfacial stress and strain vectors, regular numerical integra-
tion is needed only in the inversion of the Fourier transform.
Numerical solutions for elastic ﬁeld due to the dislocation in a
bimaterial medium are nearly identical with the analytical solu-
tions. In addition, the Peach–Kohler image forces on the dislocationin a single-layered half-plane are also in fairy good agreement with
the previous solutions. The conclusions of the presented analysis
also include:
(1) For the dislocation in the single-layered half-plane, there
exists an equilibrium position for the dislocation in both
the surface layer and the substrate if the layer is stiffer than
the substrate.
(2) The interface effect on the dislocation in the surface layer of
the single-layered half-plane becomes insigniﬁcant as the
thickness of the layer is six times greater than the distance
of the dislocation from the surface, hP 6yd.
(3) For the dislocation in the surface layer of a two-layered half-
plane, the inﬂuence of the substrate on the glide force and
the dislocation is limited.
(4) For the dislocation in multilayered composite, the variation
of the glide forces with dislocation position converges to a
steady relation as the number of layer increases to nP 3.
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Appendix A
The general solution of the Laplace equation, @
2u
@x2 þ @
2u
@y2 ¼ 0 can
be derived by applying the Fourier transform to the equation:Z 1
1
@2u
@x2
þ @
2u
@y2
 !
eigxdx ¼ ðigÞ2 þ @
2
@y2
" #Z 1
1
uðx; yÞeigxdx
¼ @
2Uðy;gÞ
@y2
 g2Uðy;gÞ ¼ 0 ðA1Þ
where Uðy;gÞ ¼ R11uðx; yÞeigxdx, and assume limx!1uðkÞ ¼
limx!þ1uðkÞ ¼ 0, k = 1,2
The general solution for Uðx; yÞ in Eq. (A1) is:
Uðx; yÞ ¼ A1ðgÞejgjy þ A2ðgÞejgjy ðA2Þ
Let A1ðgÞ ¼ C1ðgÞejgjyj=g and A2ðgÞ ¼ C2ðgÞejgjyjþ1=g without loss of
generality, the general solution for uðx; yÞ is
uðx; yÞ ¼ 1
2p
Z 1
1
C1ejgjðyyjÞ þ C2ejgjðyyjþ1Þ
 	 eixg
g
dg ðA3Þ
Similarly, the solution for wðx; yÞ can be written as:
wðx; yÞ ¼ 1
2p
Z 1
1
D1ejgjðyyjÞ þ D2ejgjðyyjþ1Þ
 	 eixg
g2
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